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On the structure of nonlinear evolution equations
integrable by the Z,-graded quadratic bundle

B G Konopelchenko and I B Formusatic
Institute of Nuclear Physics, 630090, Novosibirsk 90, USSR

Received 4 January 1982

Abstract. The general form of nonlinear evolution equations and their Backlund transfor-
mations connected with the quadratic in the spectral parameter, Z,-graded, arbitrary-order
linear matrix spectral problem is found. The Hamiltonian structure of the integrable
equations is discussed. The infinite family of Poisson brackets which corresponds to the
class of equations under consideration is given. Relativistic-invariant integrable equations
are considered. The explicit forms of elementary and soliton Bécklund transformations
are found. A nonlinear superposition principle is obtained.

1. Introduction

The inverse scattering transform (1sT) method permits us to investigate a large number
of various partial differential equations (see e.g. Zakharov et a/ 1980, Bullough and
Caudrey 1980). One of the main problems of the 1ST method is the problem of
description of the class of equations to which this method is applicable. A very simple
and convenient description of the equations integrable by the second-order linear
bundle was given by Ablowitz et al (AkNs) (1974). The method proposed by AKNS
(AKNS method) has been generalised to the linear bundle of arbitrary matrix order
(Miodek 1978, Newell 1979, Kulish 1980a, Konopelchenko 1980a, b, 19814, c), the
second-order quadratic bundle (Gerdjikov et a/ 1980) and an arbitrary polynomial
bundle (Konopelchenko 1981d). The linear bundle with Z, grading has been also
considered by Konopelchenko (1980c). In the framework of the AkKNs method one
can construct the infinite-dimensional groups of Biacklund transformations and investi-
gate the Hamiltonian structure of the whole classes of the integrable equations. These
are important advantages of the AKNS method.
In the present paper we consider the quadratic bundle

:éi'_( A2+ 2BM)AU + (A +B)P(x, ) (1.1)

where A is a spectral parameter, a and B are arbitrary constants and

A=(I(;l —(;M)’ P("")=(R(2,z) O(;’t)> (12)

where In and Iy are identical square matrices of order N and M respectively, Q is
an N X M rectangular matrix and R is an M X N rectangular matrix. Matrix elements
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of the potential P(x, t) are elements of an infinite-dimensional commutative Z,-graded
algebra (superalgebra). We assume that P(x, 1)~ 0 as |x| - c.

We find the general form of nonlinear evolution equations integrable by the bundle
(1.1) and construct the infinite-dimensional group of Bicklund transformations for
these equations. We show that all the equations integrable by (1.1) are Hamiltonian.
We calculate the infinite family of Poisson brackets connected with these equations.

In the paper we consider the relativistic-invariant equations integrable by the
bundle (1.1). Among these relativistic-invariant equations are both new ones and
equations which are equivalent to already known equations. In particular, the
integrable equation of the form (3.9) at N=p=2, M=qg=1, Q(L+)=3;(L*’)_l and
some special P(x, t) is equivalent to the equations of the massive Thirring model with
anticommuting fields.

We also discuss the structure of the Bicklund transformations group. We introduce
some special Backlund transformations—the so-called elementary Bécklund transfor-
mations. An arbitrary discrete Bicklund transformation is a product of the elementary
Biécklund transformations. We obtain the nonlinear superposition principle. It permits
us to calculate the infinite family of the solutions of the integrable equations in a
purely algebraic way. The gauge equivalence of the bundle (1.1) to the linear bundle
and some other bundles is also discussed.

Let us emphasise that the nonlinear evolution equations integrable by (1.1) contain
in the general case both classic boson fields and classic anticommuting fermion fields.

The paper is organised as follows. In § 2 we obtain some important relations and
calculate the recursion operators. The general form of the integrable equations and
their Backlund transformations is found in § 3. In § 4 the Hamiltonian structure of
the integrable equations is discussed. The relativistic-invariant equations are con-
sidered in § 5. The equivalence of the bundle (1.1) to the linear bundle is demonstrated
in §6. In § 7 the structure of the Bécklund transformations group is discussed and
the elementary Bicklund transformations are calculated. The nonlinear superposition
principle is obtained in § 8. In the conclusion some reductions of the general bundle
(1.1) are discussed.

2. Preliminary relations and recursion operator

2.1

For convenience we present here some definitions and notations concerning graded
algebras (see e.g. Berezin 1966, 1979, Kac 1977, Leites 1979). An algebra g is called
a Z,-graded algebra (superalgebra) if it admits a decomposition into a tensor sum
g=g0®g: of even (go) and odd (g:) components. To any homogeneous b € g one
assigns a number §(b) (parity) which can take two values: 0 or 1. An element 5 is
called even if §(b)=0 and odd if §(b)=1. The component g, consists of the even
elements and the component g, contains the odd elements of g. A Z,-graded algebra

def
is called commutative if for any a, b € g the equality [a, b] = ab —(=1)***®ba =0
is satisfied.

We will assume that the elements of the potential P(x, ¢t) belong to the infinite-
dimensional commutative Z,-graded algebra, i.e.

Pik(x9 t)Pln(xv t) = (_1)6(Pik)8(Pl")Pln(xs ')Hk(x’ t) (i9 k; l; n= 1’ sees N+M)-
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So the even elements of P(x,t) are classic boson fields and the odd elements are
anticommuting variables (classic anticommuting fermion fields).

We will follow Berezin (1979), Kac (1977) and Leites (1979) and represent matrices
of order N + M with Z,-graded algebra valued elements in the form P = (; ), where
a is a square p X p matrix, § is a square g X g matrix, 3 is a rectangular p X q matrix,
and vy is a rectangular g X p matrix (g +p =N+ M). The matrices « and § consist of
even elements of P. The matrices 8 and y contain odd elements of P. A spage of
matrices of such type is denoted by Mat(p, g). The algebra Mat(p, q) is isomorphic
to the superalgebra gl(p, q) (see e.g. Kac 1977, Leites 1979). The parity §(Py) of
the element P, of the matrix P can be represented as follows: §(Py)=8({)+8(k)
{mod 2), where 6(i)=0 for 1si=<p, 6§(i)=1 for p<i=M+N. The matrices Pe
Mat(p, q) have many properties which are analogous to the properties of the usual
matrices (see e.g. Kac 1977, Leites 1979). In particular, the usual matrix trace
has an analogue which is called the supertrace and defined as follows:

str P = £N4M(=1)°P,. For the supertrace we have str (PQ) = (—1)*"* str(QP).
In the present paper we will deal only with even matrices (8§(P) =0).

So we assume that potential P(x, t)eMat(p,q) (p+q=N+M). In the general
case rectangular matrices Q and R contain both even and odd elements. At p=N
and g = M the matrices Q and R have only odd (anticommuting) variables.

Further, let ¢ be an arbitrary square matrix of order N+ M. Let us represent it
in the form ¢ = (ﬁ; ﬁi), where ¢, and ¢, are respectively N X N and M X M matrices
and ¢, and ¢; are respectively N XM and M X N rectangular matrices. We will

denote ¢o = (% &) and ¢r=(S, %). Let us note that (dodio)r =0, (dod)e = ol
and (dryr)r = 0. These properties of the decomposition ¢ = ¢+ ¢ will be used often
in what follows. The decomposition ¢ = ¢+ ¢r is the Fitting decomposition of the
matrix superalgebra Mat(p, q) with respect to the matrix A (at g = 0 see e.g. Konopel-
chenko 1980a, b, 1981a). For the supermatrix of the potential P(x, t) = Pg(x, t).

Now we proceed to the construction of transformations and evolution equations
connected with the bundle (1.1). At ¢ =0 the bundle (1.1) has been considered
(briefly) by Konopelchenko (1981d) and the linear bundle with Z, grading was
considered by Konopelchenko (1980c). Since the main steps of our calculations are
the same as in Konopelchenko (1980a, b, ¢, 1981a, ¢, d) we will omit most of the
intermediate calculations.

Let us introduce the fundamental matrix-solutions (assuming P(x, t) > 0 as |x| > o)
F™(x,t,A)and F (x, t, A) given by their asymptotic behaviour:

F'(x,1,A) exp[—i(aA2+ 2BA)x] - 1,
F(x,1,A) exp [—i(aA” +2BA)x] —— 1,

and the scattering matrix S(A, ):
F'x, t A)=F (x,t, A )S(A, t).

Matrices F*, F~, S have the same Z, structure, i.e. F*, F~, S e Mat(p, q).
Let P and P’ be two different potentials and F*, F*' be the corresponding solutions
of the problem (1.1). One can show that the following relation holds:

+00

SO, )~ SA, 1) = —i(ad + B) J dx (F*(x, £, )" (P'(x, )= P(x, )(E " (x, 1, A)).

2.1)
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By virtue of (1.1) there exists a correspondence between the transformations P> P’
and transformations S - §'. We will consider transformations of the scattering matrix
only of the form

SA, >SS (A, ) =B N (aA?+2BA, )S(A, NC(aA®+2BA, 1) (2.2)

where B(aA®+28A,t) and C (aA*+2BA, t) are arbitrary supermatrices commuting
with A, ie. Bo = B, Co =C
Combining the relations (2.1) and (2.2) and taking into account the identity

(S7'A, (1= B(aA®+28A, ))S'(A, D)e

= —J dx % (F (x, , A)) (1= B(aA?+28A, ))(F " (x, 1, A)))E

= (aA +8) j dx((F*(x, t, A) '[P(x, )(1 = B(aA*+28A, 1))

— (1= B(aA®+2BA, D)P'(x, DI(F " (x, t, A)) ),

we obtain
j dx(F*(x, 1, A) " (B(aA®+28A, NP'(x, 1)

~P(x, )B(aA 2428\, D) F (x,1,A)))=0. (2.3)

Nzlifewt2 us represent the matrix B(aA>+2BA, ) in the form B(a)«2+2[3)«, 1=
b B,»(a/\2+23)\, t)H; where B; are some functions, and the matrices H; (i =
1,..., N>+ M?) form a basis of the subalgebra of matrices which commute with the

matrix A. Rewriting the equality (2.3) over the components one obtains

+o0 N2+M?2 +.+ .
J dxstr( Y (HP'(x, )= P(x, )H)B;(aA> +28A, )i "™ (x, t,/\)>=0,

f=1

8(i)=8(n) (2.4)
where
(B (%, 1, AV = (F* (x, £, A))inlF* (x, £, ))& bk bn=1,...,N+M).

2.2 Recursion operator
Using equation (1.1) and the corresponding equation for F -1, one can obtain the
++

following equation for the quantity é:

?ﬂ%“= i(ar?+2BA)A, (x, 1, A)]+i(aA +B)

X (P'(x, ) (x, t, A) = &(x, 1, \)P(x, 1)). (2.9
Expressing the quantity ¢ through the quantity ¢ and taking into account that
+x ef ot
& (x =+00, 1, A) =0 and [A, d¢] = 2Ad, we obtain (x = ¢5)

Adx/dx =2i(aA* +2B8A)(1 —iaf)x +28°Fx (2.6)
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where

S =1AP) [y POXOI -xIPOYo

“ia j dy (P'5)x(y) - x(y)P(y)oP ().
As a result

Ax(A)=(aA®+2BA)x(x, t, A) Q.7

where

By virtue of (2.7), for any function Bi(aA®+2BA, f) which is entire on aA®+28A
one has

Bi(aA?+28A, )x(x, t, A) = Bi(A, )x(A). (2.8)

We will also need the operator A* adjoint to the operator A with respect to the
bilinear form

+00

(b, )= j dx str(@e(x)de(x)).

Itis
At =(-3A0/ax +iB F (1 —iag )" (2.9)
i i e n2 g+ = . { +\1
(-3a=+iss ),go(‘“) £

where the operator #" acts as follows:

Fx =3P [ dy (POIAX) - AP D)o

+%[ dy (P(y)Ax(y) — Ax () P'(»)eP'(x).

The operator A* plays a fundamental role in our further constructions. At g=0
the operators A and A" coincide with recursion operators given by Konopelchenko
(19814d).

3. General form of the integrable equations and their Bicklund transformations

Let us consider the relation (2.4) with entire functions B,~(az\2+2,6)\). By virtue of
(2.8) the equality (2.4) is equivalent to the following:

++

J dx str(mim (HP'(x, )= P(x, ) H;) Bi(A, :)&S"‘"’)=o, s()y=8(n). (3.1

i=1
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From (3.1) one obtains

+oo +F N2+M?2

J dx str[¢if“'"’(x, oo L BT t)(HiP’—PHi))] =0 (32
— i=1

where the operator A™ is given by formula (2.9).
The equality (3.2) is fulfilled if

N2+M2
Y Bi(A",)(HP' - PH;)=0. (3.3)
i=1

Thus we find the transformations P - P' which correspond to the transformations
§- 8’ of the scattering matrix of the form (2.2). These transformations are given by
relation (3.3) where B;(u, #) are arbitrary functions entire on u.

The transformations (2.2), (3.3) form an infinite-dimensional group. This group
acts on the manifold of potentials {P(x, t)} by formula (3.3) and on the manifold of
the scattering matrices {S(A, #)} by formula (2.2). The group of transformations (2.2),
(3.3) plays a fundamental role in the analysis of the nonlinear equations connected
with the bundle (1.1) and their transformation properties.

The infinite-dimensional group of transformations (2.2), (3.3) contains transforma-
tions of various types. Let us consider a one-parameter subgroup of this group given
by

N2+ M2 v
B(aA?+28A, )= ClaA®+28A, = Y exp(—i I ds QiaA?+28A, s))I—L (3.4)
i=1 t
where Q. (aA>+2pBA, 1) are some (in general arbitrary) functions entire on aA>+2B\.
It is not difficult to show that the transformation (2.2) with B and C given by (3.4)
is a displacement in time ¢:

SA, )= S'(A, 1) =B Y(ar>+28A, )S(A, HB(aA*+28A, 1) = S(A, 1'). (3.5)

The corresponding transformation of the potential is P(x, t)-> P'(x, t) = P(x, ') and is
determined by the relationt

N2+M?2 v
Y exp (—i j ds Q;(A", s))(HiP(x, tY-P(x, )H;)=0 (3.6)
i=1 t

where in the operator A” one must put P'(x, t) = P(x, s).

The relation (3.6) determines in implicit form the flow Yq:P(x, t)-» P(x, ¢') or, in
other words, the evolution system. This evolution system can also be described by a
certain nonlinear evolution equation. Indeed, let us consider an infinitesimal displace-
ment in time r>t' =r+¢, € >0. In this case P(x, t')= P(x, t)+ €3P/dr and, keeping
terms of the first order in ¢, from (3.6) one obtains

aP(x,t) | NEM?

— ; (L™, H[H, P1=0 (3.7)

where

+ def +
L™(P)=A"(P'=P),

t+ Transformations of such type were first considered by Calogero and Degasperis (1976) for the second-order
linear bundle (g =0).
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i.e.
L*=(-5Ad8/ox +ip*I" )1 —ial ™)™
where

I'= [P(x) J_xmdy [P(y),A']o]-

For the scattering matrix we correspondingly obtain

dS(A, 1)/de=i[Y(A, 1), S(A, 1)] (3.8)
where

N2+M?2

Yan= % Qi(ar®+2BA, DH,

The nonlinear evolution equation (3.7) is an infinitesimal form of description of
the flow Y. The relations (3.6) which do not contain the derivative dP/a¢ are the
‘integrated’ form of the differential equations (3.7). The class of the evolution
equations (3.7) is characterised by the integers N and M, by the recursion operator
A" and by N2+ M? arbitrary entire functions Qy, ..., Qnz.pas2.

The nonlinear evolution equations (3.7) are just the equations integrable by the
1sT method with the help of the bundle (1.1). If one generalises the 1ST method to
the case of Z, grading, one can find the exact solutions of the equations (3.7).

One can show that the more general class of the integrable equations is connected
with the bundie (1.1), namely the equations {3.7) with arbitrary functions (); (@A +
2A, t) meromorphic on aA®+28A.

The class of the equations (3.7) contains a subclass of equations with Y (A, t)=
Q(ar?+2BA, 1)A where Q(aA 24+ 2BA, 1) are arbitrary functions meromorphic on aA > +
2BA. These equations are of the form

aP(x, 1)/9t—2iQUL™", ) AP =0. (3.9)
In the particular case Q(u, t) = —2u2 equation (3.9) ist

Z—P«%Aii:+(2BZA—iaéa;)P3=0. (3.10)

In terms of Q and R the equation (3.10) is a system

90 &Q 9 _

57+5_2+(2B 1a5>QRO—O, (3.11)
3R &R

13;—5-—(23 +la—)RQR 0,

where Q and R are respectively N X M and M X N rectangular supermatrices.
At p =N, q =M matrices Q and R contain only anticommuting variables and the
equations (39) describe pure fermionic classical systems. For example, at
a\ "
M=g=1, N=p, R=0Q" =
qan

+ For calculations the relations I* AP =0, (I*)%3P/31 = 0 are useful.
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and real « and B the system (3.11) is reduced to the N-component combined nonlinear
Schrddinger equation with anticommuting fields:

2
d N,
i?_q_k+a__q_2"+(232_ia—)qk Z qngq,=0 (k=1,...,N) (3.12)
at  ox ox n=1

where

qi(x, 1)qn(x, 1)+ qn(x, 1)qic(x, t)
=qu(x, )qn (x, ) +qr (x, )qi(x, £)
=gk (x, )qn (x, ) +qn (x, Hqi(x,)=0 (k,n=1,...,N).

For a =0 equations of the form (3.11) with Z, grading have been considered by
Kulish (1980b).

Let us consider now the transformations (3.3) with matrices B and C, commuting
with the matrix Y(aA®+ 2BA, 1), i.e. B=Bo(y),, C=Coy) and 6B//dt=03C/ot=0.
These transformations, as follows from (2.2), preserve the evolution law (3.8) of the
scattering matrix. Therefore they transform the solutions of a certain equation of the
form (3.7) into solutions of the same equation. Thus, the transformations (3.3) with
B = Bo(v, and 3B/t =0 are auto Bédcklund transformations for the equations (3.7).
These auto Bicklund transformations form an infinite-dimensional group.

The transformations (3.3) with 3B/ar # 0 form an infinite-dimensional group of
generalised Backlund transformationst; they transform the solutions of a certain
equation of the form (3.7) into solutions of another equation of the form (3.7). In
particular, the transformation (3.6) is the generalised Béacklund transformation from
the equation 3P/t =0 to equation (3.7).

Let us consider in conclusion some concrete equation of the form (3.7). We fix
the matrix Y (A, ) and let Y(A, ¢) be a semisimple (i.e. diagonalisable) matrix. It is
not difficult to show that due to the evolution law (3.8) the projection of the scattering
matrix onto the subalgebra of matrices commuting with Y'(A, 1), is time independent:

dSO(y)/dt =0,

Therefore at any A the quantity So(yy(A) is an integral of motion. From this
infinite set of inexplicit integrals of motion one can extract a countable set of explicit
and local integrals of motion using the standard procedure (see e.g. Zakharov et al
1980, Konopelchenko 1981¢, d).

4. Hamiltonian structure of the integrable equations

Let us consider the integrable equations of the form (3.9) with

0

ALY, D=} w.(D(L")" (4.1)

n=0

T Generalised Bicklund transformations were first considered for the linear second-order bundle by
Calogero and Degasperis (1976).
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where w,(t) are arbitrary functions. The relation (2.1) plays an important role in the
proof of the Hamiltonian character of equations (3.9). From (2.1) it follows that

88, (A1) =~i(-1)°"(ar +B) J dx str(8P(x, "™ (x, £, 1)) (n=1,..., N+M)

4.2)
where 8P is an arbitrary variation of the potential P(x, r), 8S is the corresponding

— def o .
variation of the scattering matrix and (d;('"))kl = (F ) (F)3'. From (4.2) we obtain
a basic variational equality

-

o

) i stky+sny __ Y
(@A +B8)(@ ™ (x, 1, A =i(=1) 8Pu(x, 1)

Snn(A) (m k,I=1,...,N+M)

(4.3)

where 8/8P denotes a left variational derivative (see Berezin 1966, 1979).

.
Further forming for the quantity ¢ an equation analogous to the equation (2.5),
we find that

(—31Ad/ox +iB*IT)Ag™
= (A +280)(1 ~ial )Ad ™ +Had + B)P(x), 60" (x =—00,1)]  (4.4)

where

X

=P, [_aylpo),a-k)

Since (:55)"")(): = —00, t, A))is = 8uSnn(A) One obtains from (4.4) the relation
(—3Ad8/ox +iB’I")ATI(x, 1, A)

=(aA?+2B80)(1 —ial )All(x, 1, ) - (ar + B)*AP (4.5)
where

MMz (G A )

Mu(x, t, A) = (ar + Ann .
k(X )=(a B) ,;1 S..(A) (4.6)
Acting from the left on the equality (4.5) with the operator L™, one obtains
[L" = (aA®+2BA) 32T = (aA + B)’L*AP (4.7)
where
a X
2= —+g P, | ayiPu), ] “8)

Let us expand the left- and right-hand sides of the equality (4.7) into asymptotic
series in (@A°+2B1)~". As a result we obtain the following system of relations:

—3i91 o, =aLl* AP, HL* DT, — 3D, = B’L AP, (4.9)
L+@H(k)=@ﬂ(k+1) (k=1,2, 3, . .),
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where
Mx,,A)= Y (@aA®+2B8A) "T(x, t).
n=0

From the recurrence relations (4.9) we have

Lyap=2'y (——i—)(—@—z)n_lﬂknm (n=1,2,3,...). 4.10)

k<o \ 2« a
The relations (4.10) can be rewritten in the form

SN BT 1 8T 4 A)
+n = +q o _bk_ A
bArsE kgo( 20)( a) (n—q)! 3[(aA*+2B8A) T s co

(n=1,2,3,..)) (4.11)

where q is an arbitrary integer.
With the use of (4.11) the evolution equation (3.9) with the function Q(L") of the
form (4.1) can be represented as

n

aP(x, 1)/ot = (LD i w,(t)

n=0

n— 2, n—q-1-k n—q
qul( B) : 1 3" Tl(x, t,A) @.12)

Zoa\ a n—q)! @Az +2BA)" T, ceo’

Let us note now that for the quantity Il(x, ¢, A) from the relations (4.3) and (4.6)
one has

(x, 1, A) =i(8/8PT(x, 1)) str[A In So(A)]e (4.13)

where (So)i = 68y and ex = 8u(-1)*®. By virtue of (4.13) equation (4.12) is
equivalent to the following:

8P/at = (L") 'D(8H_o/ 6P )e (4.14)
where
- "l BATTTE 1 9" str[A In Sa(A)]
%“'"Eo“’"(')k;a( a) (=g o[(aA>+2B8A) 1", e (4.15)

Finally, it is not difficult to see that equation (4.14) is Hamiltonian; namely, it can
be represented in the Hamiltonian form

aP(x, 1)/9t ={P(x, 1), H—q}q (4.16)

with respect to the infinite set of Hamiltonians #_, (4.15) and Poisson brackets { },:
det 7% § 5x

R e I

{#, %), » dy str 9"61,7()}’ 0 (L") gsPT(y, 0 (4.17)

where g is an arbitrary integer, F5/8P denotes the right variational derivative of %
(see e.g. Berezin 1966, 1979) and the operator & is given by formula (4.8).

The fact that the brackets (4.17) are indeed the Poisson brackets, i.e. for even
functionals ¥ and % they are skew-symmetric and satisfy the Jacobi identity, is proved
by direct calculation. However, for odd functionals the brackets (4.17) are symmetric.
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In the general case {%, ¥}, = (—1)?F @) (op #}, and the brackets (4.17) satisfy a
Z,-graded version of the Jacobi identity (see e.g. Berezin (1979), Kac (1977)).
Therefore {4.17) is a generalisation of the usual Poisson brackets to the case of the
Z,-graded algebra. The brackets (4.17) convert the algebra of functionals into a Lie
superalgebra. In the mechanics of points such a generalisation of the Poisson brackets
was considered by Berezin and Marinov (1977), Casalbuoni (1976), Berezin (1979).

In the particular case a =0, 8 =1 the family of Poisson brackets (4.17) converts
into the family of Poisson brackets connected with the Z,-graded linear bundle with
P=(% 9)(see Konopelchenko 1980c). At g =0 the family of Poisson brackets (4.17)
coincides with those given by Konopelchenko (1981d).

The fact that an infinite set of Poisson brackets is connected with integrable
equations was first noted by Magri (1978; see also 1980). For the second-order linear
bundle the hierarchy of Poisson brackets has been considered by Kulish and Reiman
(1978). The hierarchies of Poisson brackets for integrable equations have been
considered by Gelfand and Dorphman (1979, 1980), Reiman and Semenov-Tyan-
Shansky (1980), Kulish (1980a), Konopelchenko (1981c, d, e, 1982).

Thus, it is shown that equations (3.9) are Hamiltonian with respect to the infinite
set of Hamiltonian structures. The closed symplectic 2-forms which correspond to
the Poisson brackets (4.17) are

wP(8,P, 8,P)=3 J' dx str(8,PD (L) 8, P — 8, PD (L") 98,P)

q=0,%1,%2,.... (4.18)
The two simplest Poisson brackets from the family (4.17) are

{9,9(}0=J' dxstr( T_@a%)

= jm dx str( F -(—9— 5%
o 8P (x) ax 8P (x)

+325P9=( [P(x) J' dy[P(Y)’ 51?{ )”) (4.19)
1 %)-1=2 J:o dx s"(apa{( ) 5;?6:))
=2i J': dx str(é}% A E}"f%')
+‘; bf fx) [P(x), Lo dy[P(y), %}]). (4.20)
Let us introduce the brackets { , } = a{ , Jo+8% , }-1. Itis easy to see that
T %}=ij: dx str(apg:( )(23 ix) &i‘i‘;)). @.21)

The brackets (4.21) are the Poisson brackets: the skew symmetry of {%, ¥} is
obvious, and the fulfilment of the Jacobi identity immediately follows from the
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independence of the kernel of the brackets (i.e. the operator 2B°A ~iad/dx) from
P(x,t).

5. Relativistic-invariant equations

In § 3 we considered examples of the equations (3.9) with entire functions Q(L").
For meromorphic functions Q(L",t) the equations (3.9) can be rewritten in the
equivalent form

g(L", 1)aP/at=2if(L", AP =0 (5.1)

where g(L™, t)and f(L*, t) are entire functions on L™ such that Q(u, £) = f(u, £)/g(u, 1).

Among the equations (3.9) with singular functions Q(L", 1), the equations (3.9}
with 8 =0 and Q=w(L*)"" where w is a constant are of the most interest. In this
case, since (L") =2i(1—ial ") [* dy -, equation (3.9) is

AP(x, t)

v +4wj_x dyP(y,t)+21wa[P(x)I dy[P(y)AJ dzP(z)” : (5.2)

Equation (5.2) is invariant under the Lorentz transformations
x-x'=px, t>t'=p 't P(x,t)- P'(x, t’)=p"”2P(x, t), (5.3)
where p is a parameter of the Lorentz transformation.

Let us introduce a matrix W(x, t) such that P(x, t) = dW(x, t)/dx. For the ‘potential’
W (x, t) the equation (5.2) is a local one:

*Wix, t)

+4wWix, t)— Ziwa[m
dox ot dx

AW (x, z)} =0, (5.4)

We recall that A = (’6‘ ‘?M) and W (x, t) e Mat(p, q). The equation (5.4) is Lorentz
invarianttoo. Under the Lorentztransformations W(x, ) > W'(px, p"lt) =p V2w (x, 1)
In the components Wi(x, r) and Wy (x, 1)(W = ( v32 ®1)) which are rectangular N x M
and M x N matrices, equation (5.4) is the system

2
t AW, aW.
M+4w W, - 21wa(-—— WLaW,+ W W, 1) 0,
ox ot a
& Wilx, 1) AW, aW. (53
2% +4wW2+21wa(-——— W\ W, + Wy W, 2) 0.
0x ot a dx

For M =N =1, g =0 the system of equations (5.5) was first obtained by A V
Mikhailov (see Gerdjikov et al 1980) and their connection with the quadratic bundle
{1.1) (N =M =1, g = 0) was discussed by Gerdjikov et al (1980).

System (5.5) contains as particular cases some interesting relativistic-invariant
equations. For example, for real w and a and under the reduction Wi(x, )=
W3 (x, t) = Ul{x, t) the system (5.5) is equivalent to the matrix equation

2
U (?—[—]U+U+ vuU* 99)=0. (5.6)
dx dt ox ox

For M =1 equation (5.6) is (U = (Uy, ..., Un))

aU; U’ 3

5—-a—+4wU 21wa(-———z UkUk+U z Uk Uk) 0 (i=1,...,N). (5.7
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Let us note that among the fields U, ..., Uy which satisfy the system of equations
(5.7), p fields Uy, ..., U, are classic anticommuting fermion fields and N —p fields
(Up+1, -+ ., Un) are classic boson fields. For p=N the system of equations (5.7)
describes the pure fermionic classic system. For p = N +1 equations (5.7) describe a
pure bosonic system. In particular, for N =1, p =2 equations (5.7) reduce to the
equation for one complex-valued boson field U,(x, t) with mass 4w:

62U,(x, l)

d
- * 2y
o ot +40U, - 2iwalU} Py (U =0. (5.8)

In the case N =p =2 and under the reduction U,(x, t) = ¢(x, t), Ua(x, t)=vy" (x, 1)
where v is an arbitrary constant, the system (5.7) reduces to the equation for one
Grassmann-valued fermion field ¢(x, t):

3 yY(x, 1) ay

—aa—t—+4w¢/(x, 1) = 2iwa|y[yy* Fyoe 0. (5.9)

The field ¢ (x, ¢) satisfies the relations
Wx, DYly, )+ ¢(y, Dg(x, 1)
=glx, DY (y, )+ (y, D(x, 1)
=4 (x, O (y, D+ (y, DY (x, 1) =0.

The relativistic-invariant equations (5.4)—(5.9) describe some two-dimensional {(one
time coordinate and one spatial coordinate) models of field theory, integrable by the
1sT method with the help of the bundle (1.1). These equations may have other
applications too.

Let us now attract attention to the fact that equation (5.2) can be rewritten in the
equivalent form (5.1), namely in the form

(1-ial™)™ %1;= —J' dy P(y) (5.10)
where we put w = 5. The left-hand side of equation (5.10) is an infinite ‘power’ series
in the operator I*. This series 2720 (ia)'(I")'aP/dt contains only two non-vanishing
terms (with / =0, 1) in the two cases.

First case: N=M=1, q=0, a=1. In this case I"=0 and equation (5.10) at
P=(J §)is equivalent to the equations of the massive Thirring model (Gerdjikov
et al 1980).

Secondcase: N=2, M=1,p=2,a=1and

0 O ¢ |
P=; 0 0 -¢° (5.11)
¢ —e 0

where ¢(x, t) is a Grassmann-valued variable and + denotes an involution in the
Grassmann algebra (see e.g. Berezin 1966, 1979). In this case I*’aP/6t=0 and
equation (5.10) reduces to the equation

x

2204 [ dypn 0+ [ dys @0 0e” 0 Dt 0 =0 (5.12)

ot -

plus the corresponding equation for ¢ (x, ¢).
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Let us introduce quantities ¢,(x, ¢) and ¢a(x, 1):

00 St nep(~7 [ dyetnne’vn), (5.13)

Ya(x, t) - % exp(—4i J:o dye(y, e (y, t)) Lc dz e(z,1).

From equation (5.12) it follows that

[ a2eooem=] ayetin| dren

-0

—J_ dy e(y, t)f dz¢'(z, ). (5.14)

Further, the following identity holds:

x y

J'; dy ¢(y, t)J’y dz¢*(z, t)—dey¢*(y, t)dez¢(z, 1)

—oC - -

x X

=f_ dy ¢(y, 1) J_ dz¢™(z,1). (5.15)

Let us recall that ¢ (x, )¢ " (y, t)+ @ (v, )eo(x, ) = 0. If we combine the relations (5.14),
{5.15) and take into account the definition (5.13), we obtain

[ ay 2 et 00" ) = 4z, 003 (5,0, (5.16)

With the use of (5.16) and the definitions (5.13) we obtain from (5.12) the following
equations:
0D im0, 2D
ot ox

Let us note that the first equation (5.17) follows from equation (5.12) and the
second equation (5.17) is obtained directly from the definitions (5.13).

Equations (5.17) are just the equations of the massive Thirring model with anticom-
muting fields. The applicability of the 1ST method to these equations has been
demonstrated by Izergin and Kulish (1978).

Thus, in the two cases considered equations (5.10) are equivalent to the equations
of the massive Thirring model: in the first case with the fields ¢, (x, 1), ¥2(x, t) which
are the usual functions and in the second case with Grassmann-valued fields ¢, ¢-.

Let us note that equation (5.9) with y=~1, a=1 and w =1is equivalent to the
equations of the massive Thirring model. Indeed, from equation (5.9), by introducing
the quantity ¢(x, #) = 0y (x, t)/dx, we obtain equation (5.12). Then if we introduce the
fields ¢ and ¢, by formulae (5.13) we obtain equation (5.17). Therefore equations
(5.9) and (5.17) represent different forms of description of the same nonlinear system.

— Ui+ g =0, (5.17)

6. On the gauge equivalence of the bundie (1.1) to the linear bundle

The gauge equivalence of various equations integrable by the 1sT method is very
useful for the analysis of these equations (see Zakharov and Mikhailov 1978, Zakharov
and Takhtadjan 1979).
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It was noted by A V Mikhailov (see Gerdjikov et al 1980) that the quadratic
bundle (1.1)at N=M =1, g =0, g =0 is gauge equivalent to the linear bundle. Here
we present a generalisation of Mikhailov’s result.

Let us consider the general bundle (1.1) with arbitrary N, M, p, q, « and 8. Let
us perform the gauge transformation

Gx, 4, A) > (x4, )= V(x, , D(x, 1, ) (6.1)

with V = (‘\;; 33) where V) and V; are square matrices of order N and M respectively,
V, is a rectangular M x N matrix, and they are equal to

la f h dy Q(y, HR(y, t))},

Vilx, t, A)=(aA +B)_”29’,{exp( 5

Valx, t,A) = —g (@A +ﬁ)_”29°,{exp(—!22 I dy R(y, )Q(y, z))}R(x, 1), (6.2)

Vilx, 4, A)=(aA +B)”29,{ exp(—%a J;—m dy R(y, 1)Q(y, t))}.

Here 2. {exp |* dy f(y)} denotes a well known x-ordered exponent which is the solution
of the matrix equation

aZ(x) _ x

Deiwze (zw=2dew [ avim))

Let us note that

x -1 -

(@x{eXP I_w dyf(y)}) = @x{exp J ) dyf(y)}-

It is not difficult to verify that under the gauge transformation (6.1), (6.2) the
bundle (1.1) converts into the linear bundle

(‘2—f=iuAJ+i(ﬁ(S, ) é((’)" N 6.3)
where
w=ar?+28, A=(I(;’ _(I)M)
and O, R are rectangular N X M and M X N matrices which are equal to
0 n=2fexs(2 [ " ayair)) ot
x 2 fexp( -2 j_; dy R},
Ren=2fen(-2 [ ayr10W))) 6.4)

X

X (B°R(x, 1)—3a’R(x, 1)Q(x, )R (x, t) + 3iadR (x, t)/8x)

xg’x{exp gJ‘ dy QR}.
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The gauge transformation (6.1), (6.2) is the generalisation of Mikhailov’s gauge
transformation to the case of the arbitrary quadratic bundle (1.1). At =0, 8=1
the transformation (6.1), (6.2) is the identical one.

In two cases the x-ordered exponent converts into the usual exponent and the
transformation (6.1) is simplified.

First case: M =N =1. At g =0 the matrices Vi, V, and V; are

_1_ 172 gyp( 12 [
Vl_VS_(a,\+B) exp( 2dey0(y, DR(y, t)),

V,= —g (ar +B8)12 exp(

%J_w dy Q(y, HR(y, t))R(x, 1) (6.5)

and for the potential P of the linear bundle (6.3) we have

Ox, 1) = Qlx, 1) exp(—ia J dy Q(y, DR(y, z)), 6.6)

2 . x
Rix,1)= (BZR(x, t)—%Rz(x, N0, z)+§ %) exp(ia J dy QR).

In the particular case 8 = 0 we obtain Mikhailov’s gauge transformation.
For g = 1 the variables Q(x, t) and R(x, t) are Grassmann variables and

Vi=(aA +B)'Vi=(ar +B8)""? exp(—lEaJ dy Q(y, HR(y, z))

=S+ exp(- 2 [ dyQUORG DR, (67)

Va=-3 2 )

O, )=0(,1), Rx,1)=32B%+iad/dx)R(x,1). (6.8)

Second case: N=2, M =1,p=2and

0 0 ¢
P=l0 0 -¢° (6.9)
‘¢+ - 0/

where ¢ is a Grassmann variable. In this case dueto oo =¢ ¢ = +¢ ¢ =0 we
have

1 0
R =g¢" ), -0,
QR =¢p¢ (0 -1 RQ=0

and therefore matrices V;, V, and V; are equal to

x

Vi=(aA +B)'”2exp(—l§asj dy o(y, D (y, r)).
- (6.10)
v2=—§(aA +8) e, o), Vi=(ar +8)"?,
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where o5 = (1 ). The potential B(x, ) of the linear bundle (6.3) is of the form
0 0 ¢
I;= 0 0 (ﬁz
@3 @1 O
where

é1(x, ) =@(x, 1) exP(—'-;—' J dy ¢(y, e (, t)>,

i (* ) .
2] dyet0e70,0) =i,

Galx, == (x, 1) exp(2 )

(6.11)
ier

[ aret0e7y 0),

9\ .
@alx, ¢t =%(232+ia5;>¢ (x)exp(

B, =328 +ia ot exp( -5 | dyeln 00”0 1).
0x 2 Jowo

Let us attract attention to the fact that at 8 =0 the two cases considered above
are just those two cases for which the relativistic-invariant equations (5.10) are
equivalent to the equations of the massive Thirring model (see § 5).

Furthermore, in these two cases (first case: N=M =1, ¢ =0, B8 =0, second case:
N=2,M=1,p=2, g=0and potential P of the form (6.9)) the bundle (1.1) is gauge
equivalent to the spectral problems which are used for integration of the massive
Thirring model. The corresponding gauge transformations were given by Gerdjikov
et al (1980) and Izergin and Kulish (1978).

7. The structure of the Biicklund transformations group

In § 3 it was shown that the transformations (3.3) with B = Bo(y) and dB/dt =0 form
an infinite-dimensional group of auto Béacklund transformations (BT) for the equations
(3.7). The arbitrary entire functions B;(A*) by which these BT are characterised can
be represented in the form

Bi(A*>=kIjo (A=A A" (7.1)

where the functions f;(A*) have no zeros and n is some integer. By virtue of (7.1)
the arbitrary BT B is a combination of BT of two types:

B =B4B.

where By is a discrete BT, i.e. the BT (3.3) with functions B:(A*)=TI7_, (A" —A{),
and B. is a continuous BT, i.e. the BT (3.3) with B;(A") =f,(A").

Let us consider the discrete BT in more detail. Analogously to the case of the
linear bundle (Konopeichenko 1979, 1981a, b), let us introduce the notion of the
elementary BT (EBT). The EBT B}« is the BT (3.3) with functions B; equal to
(r =dim go(y))

B.(AHY=A"—-a", Bi=...=B,.1=Bs.1=...=B,=1. (7.2)
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An arbitrary discrete BT is a product of EBT:

Bo=T1 BY T B%. .. n B, (7.3)
k=1 k=1 k=
EBT are useful for investigation of the integrable equations (for the linear bundle
see Konopelchenko (1981a, b)). Here we consider the simplest example N=M =1,
g=0. Inthiscase H;=( 9, Ha=0 9, P(x,)=( & and we have two EBT: BAm
and B( @. Let us consider first the EBT B(” (B1=A"— Ao, B,=1). With the use of
the exphc1t form of the operator A* and the relation

(04 D o
72 0)=3C )] v ea-ra,
from (3.3) we obtain the following system of equations which define the
transformation B“)
ia S (ia iB* | & i
~——(CI'Z( )sz)) L = q Z( )Km(x) Aoq'—q =0,
29 =0 2 =0

(7.4)

i

X
3 S [ia 12 X [ia
a—(r 5 ( )K, x)) =N (—) Kio1(x)+ Aor 7' =0,
{ I

=0 =0 2

i
2
where

def ¥ e
K,(x)=f dx\(rq~r'q )I dx, (rg—r'q )J’ dx,; (rg—r'q’).

Using the identity K,(x)=(1/1)(K.(x))" (I=1,2,3,...), one can rewrite the
relations (7.4) in the form

_% a—[q CXP(—K1(X)>} B—zq’ exp(%Kﬂx)) —g&jq'—)‘oq'—q =0, (7.5a)
_% %[r exp(%aKl(x))] —%2r exp(i?aKl(x)) +%2r+/\or+r’ =0, (7.5b)

Integral terms in (7.5) can be transformed into local ones. Indeed, let us multiply
the equality (7.5a) by r exp[3iaK(x)], the equality (7.55) by q' exp[tiaK(x)], and
then add the equalities obtained. As a result we have

- . 9
—%a—[q'r exp(-lngl(x))]=(rq—rq)exp( (x))=——aiexp( Kl(x))- (7.6)
From (7.6) one gets
exp( Kl(x)) ;[1—(1 —aq'(x)r(x))""?] (7.7)
q'(x)r(x) ) )

Substituting the equality (7.7) into (7.5), we finally obtain a system of relations
_ 172

<2B'—-la )(——-——(1 aq’r)

a’ ox

which define the EBT B“’.
2
HE) - (00D )ar a0

a—15(232+ia i)(l(—lq?—ﬂl—/f) (A0+§—2)r—r’=0.

(7.8)
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In an analogous way one can calculate the EBT B (By=1, B,=A"—Ao). Itis

of the form
1/2 2
(2/3 -ia )(——————1 (1-aqr) ) (Ao+-‘6—-)q—q'=0,
ox r a

(7.9)

4 o911 2) (0 (1)

For a -0 the EBT (7.8) and (7.9) are reduced to the corresponding EBT for the
linear bundle (8 = 1) (Konopelchenko 1979, 1981a, b):

1
ai——q r—2iAoq' —2ig =0,
BY dx 2i
PP
r 2 ‘ st
—+=rq'+ +2ir' =
x 2irq 2iAor +2ir' =0,
and
aq 1
—q—-—qr—21/\oq 2ig' =0,
BY . ox 2i
oP2PY
r 12 . ] .
—+=r’g+ +2ir=0.
o 2ir q+2iAer' +2ir=0

The transformations (7.8) and (7.9) are the spatial parts of EBT and they are
universal. The time parts of EBT are different for different equations (3.7) and their
form can be found with the use of (7.8) or (7.9) and the explicit form of the equations.

It is not difficult to show that the esT (7.8) and (7.9) commute—B“91>B‘29z) =

B z)B‘ &. In particular BB = BOBS) =1. Therefore B =(B\)"" and B&l(f =
(B(Z))—
The simplest non-trivial non-elementary BT is

def @)
B)Q,”,,\{.,z’- (1) B (2)

The explicit form of this BT can be found with the use of (7.8) and (7.9) by the
formulae

B,\},”_A'oz)(P"’P")=B(Azgz)(PI")P")Byé\)(P“’Pl) =Bf\lgl)(P’—’P")B(Azg?)(P")P’).

The transformation B, ,@ is given by the system of equations

£ o5t D)) o+ (a5 Do,

1 K2 W »3_2 @ . B .
2a< A +laax)(rK_K) (/\0 +a)r+(/\0 +:>r =0,

where K (x) = exp[3ia [*, dy (rg —r'q")]. This integral quantity K can be transformed
into a local one. Namely, one can show that K is a solution of the algebraic equation

4 2 2
rg K*+— (ABZ) +§—)K3—[r'q'+rq +i(/\5” +A$ £ )]K2
a a @ @

(7.10)

4 pa
+— (AI,” +B—)K+r'q =0.
a a
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The explicit expression for K is cumbersome. We see that the simplest non-elementary
BT is complicated enough and therefore the EBT are important.

8. Elementary Backlund transformations, nonlinear superposition principle and
solutions of the integrable equations

The EBT is an effective tool for investigating the integrable equations. As we shall
see, they allow us to construct an infinite family of solutions of equations (3.9) (at
N=M=1,4q=0).

Let us note first that the EBT (7.8) and (7.9) after certain transformations can be
rewritten in the form

. 8q' , g’ .. aq -
i—=—+Aeqg'+q)1+)——0A-1I)g'+—(rq+r'q"}=0,
dx a 2

B (P> P'): 5 (8.1)
. or : B ar N =
i——Ar+rY1+D+— (1 —-Dr——1(rg+r'q")=0,

ox a 2

where I =(1—aq'r)"’* and
9 P : S ,
1gg+(/\oq+q)(1+I)—%(1—1)q+‘;—q(rq+r q)=0,

B2 (P-P"): (8.2)

ia—"—(,\ r’+r)(1+f)+6—2(1—f) '—ﬂ( +r'q)=0
ax 0 a T NaTra =g

where I = (1-agqr')'/?.
The commutativity of the EBT can be represented in the form of the following

diagram:

(g1, r1)

(90, ro) (g3, r3) (8.3)
N

(q2, 12)

where (qo, 7o), (91, 1), (92, r2), (g3, r3) are the solutions of the definite equation of the
form (3.9). The product BZ’B{" of the EBT is given by the system of equations

¥ 2
laixl'*'(MIl'*‘QO)(l+Ilo)—%(1—Ilo)*‘aqu(fo%*"lCh):O,

B\ (P~ Py): . g (8.4)
. ar
2~ Aot (1 Lo+ = (1= 1) = =2 (roqo +r1q2) =0,

.0 :
1'3%*'(#41 +45)(1 +113)_% (1=Ii3)q +aqu(’1‘11 +13q3)=0,
BY (P, > Py): ) (8.5)

. ar B
i=2=(urs+r)(1 +hy)+ (1 —Ils)rs—“?” (g1 +r3g3) =0,
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where I,, = (1 aq,n) . The transformation B‘A”Bf’ is given by the equations

840 2
la—+(ﬁb40+42)(1+102)—%(1 102)40'*‘ (’oQo"‘fz(h)
B2 (Py- Py): ) (8.6)

.or
l—Z—(#72+70)(1+Ioz)+ﬁ_(1—Ioz)fz—g‘rz(fo%*'fzqz):(),
ax o 2
2
:a—+uq3+q2)(1+ln)—%<1 145+ 522 (ragz 4 1343 =0,
B (Py> P3) , (8.7)

.or r
it L+ -132)@—32—% (g2 +r345) =0

The equations (8.4)-(8.7) are a consequence of the commutativity of the EBT. In
the previous section we have aiready used the systems of equations (8.4)~(8.7) for
finding the soliton BT. Here we obtain another interesting consequence of equations
(8.4)-(8.7).

If one compares the first equations (8.4) and (8.5) and the second equations (8.6)
and (8.7), one obtains

2

(Ag1+qo)(1 +110) — (ugi +g3)(1 +113)+%41(110—113)+%1—1 {(roqo—r3q3) =0,
(8.8)

2
ar
Ara+r3) (1 + I3o) — (ura+ ro)(1 + Iny) '*'%’ ra(Is; '102)—72 (rogo—r3qs) =0.

Equations (8.8) form an algebraic system and they give us the possibility, with
given (qo, 7o), (41, 1), (g2, 72), tO calculate {gs, r3) by purely algebraic operations. Thus
the relations (8.8) are just the nonlinear superposition principle for equations (3.9):
with three given solutions (qo, 7o), (g1, r1) and (g2, 72), it allows us to calculate the
fourth solution (g3, r3) in a purely algebraic way.

The relations (8.8) give us the possibility to calculate by purely algebraic operations
the infinite family of solutions of equations (3.9) for M =N =1, ¢ =0. Indeed, let us
start from the trivial solution q =r =10 which we denote by Po,. Then let us act on
this solution with all possible discrete BT (7.3) (r=2). As a result we obtain the
infinite family of solutions

0 qiny,nz)
Pn n =( N 2):
(ny,nz) r(nl n) 0
ny
Pnynyy = H By’ Il B)P (8.9)
k=1

where n, and n, are arbitrary integers.
The solutions P(,,0) and P, are easily found directly from formulae (8.1) and
(8.2). They are of the form

Qo= 2, expl2iQAx)? + 2iAe (x — xox)], Py =0, (8.10)

+ Some nonlinear superposition formulae for certain integrable equations (e.g. sine-Gordon equation) are
well known (see e.g. Miura 1976).
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and
na

qonn=0, Fomy = 2, expl—2iQui)t — 2ipic(x — £oi )] (8.11)
1

where xox and Xo, are arbitrary constants.

Using the solutions P, 0) and P »,) We can calculate an arbitrary solution P,,, ,,
recursively with the help of the relations (8.8). Indeed, with given Py, P10y and
P,1y we find Py,

(au:+B8%"?
QA1+BZ

cosh[i(QUA1) = Q(u )t +i(A; = uy)(x = x02)]

qa.n=2(A1~uy) expli(QA )+ Qu o))t +i(A 1+ py)x +igo]

, 8.12
cosh’[{(UA ) — Qu 1)t +i(A; — 1) (x — x01)] ®12
2172
oy =20~ Ap) CREB) o[-+ Q) = i(A s + p)x i)
aur+p
coshli(QA ) — Q1)) +i(A1— p1)(x —x01)] (8.13)

X Cosh?[i(Q2A ) — )t +ihs — ) (x — x02)]
where
2a(A,—pu1)
Ay +32/C‘ ’
2a(A;—py)
pi+B e

i _
x01=—§(/\1—ﬂ-1) 'In

i -
Xo2 = _5(/\1_#1) 'In

and a and ¢ are arbitrary constants.

Further, from the solutions P 1), P, and P 1, with the use of formulae (8.8)
we obtain P(I.Z)- From the solutions P(O,l), P(l,l); P(z_o) one obtains P(z'l). Then from
the solutions Py, 1), P(1.2) and P, 1) we find P, 3. The continuation of this procedure
gives us an arbitrary solution P, ,,).

Let us emphasise that with the use of the procedure described above we can find
the solutions of equation (3.9) with an arbitrary function Q(L™).

Let us note that the solution P, ., is an algebraic function of the solutions
qi.0p -5 4oy and o1y, ... Po.ny 1€ Of the plane waves. In other words, the
solutions P, ., of the nonlinear equations (3.9) are nonlinear superpositions of the
solutions of the corresponding linearising equations.

The nonlinear superposition formulae (8.8) are simplified in the case a =0, 8 =1.
In this case equations (8.8) are reduced to

2A —p)q1+2(go—q3) +3q1(ro—r3) =0,

2(A —p)ra+2(r3—ro) +3r3(g3 — qo) = 0. (8.14)
From (8.14) one obtains
200 — ) 200 —u)
_ +_—_’ = 8.15
B=ar 24 yEIT 22, (8.15)

Formulae (8.15) give the nonlinear superposition principle for equations (3.9)
(for a =0, N=M=1, qg=0) integrable by the linear bundle (1.1) (=0, p=1,
N=M=1,4q=0).
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9. Conclusion

In the present paper we consider the general structure and properties of the equations
integrable by the bundle (1.1) in the general position, i.e. when the quantities Q and
R are independent. However the possible reductions of the general equations are of
great interest too. Let us point out two simple reductions.

First (N = M):

Al ) (b 9
Second (N = M):

sl S) (2 Y

where U is a square N X N matrix and Iy is the N X N identity matrix.
Under the reduction (9.1) the bundle {1.1) is equivalent to the bundle

Px/ax2+(aA +B)2Q% —i(ar + B)(3Q/ax)x +(aA>+2BA)Y’x =0 (9.3)
where x = ¢, +¢,. Under the reduction (9.2) the bundle (1.1) is equivalent to
3*Ua/ax*+(ak + BHUY2+A%Y, =0 (9.4)

where A = ar®+2BA.

The polynomial bundles (9.3) and (9.4) are generalisations of the well known
spectral problems (with @ =0). The general form of the integrable equations (3.9)
under the reductions (9.1) and (9.2) and their Hamiltonian structures will be considered
elsewhere.
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